Lecture No. 3

Charged Particle Optics. Matrix
Representation of the Accelerator Elements

David Robin
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Single Particle Dynamics

Matrix Representation O u tl i n e

D. Robin

What are the Optics?
— Magnet Definitions
— Magnet Functions

» Particle motion in accelerator
— Coordinate system
— Beam guidance
* Dipoles
— Beam focusing
* Quadrupoles
« Hill’s equations and Transport Matrices
— Matrix formalism
— Drift
— Thin lens
— Quadrupoles
— Dipoles
+ Sector magnets
* Rectangular magnets

— Doublet
— FODO
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Single Particle Dynamics

Matrix Representation Wh at are the O pti CS?

D. Robin

* The Optics are the distribution of elements
(typically magnetic or electrostatic) that
guide and focus the beam - sometimes
referred to as the lattice.

m A Focusing Elements

Bend Element
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Matrix Representation

b.rebin PDetermines the Beam Properties kL

Single Particle Dynamics OptiCS (0] § Lattice DeSig n Isr‘;s

Choice of the design depends upon the
goal of the accelerator
—Small spot size
—High brightness
—Small divergence

—Obey certain physical constraints (building
or tunnel)
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Single Particle Dynamics

Matrix Representation Eq uations Of MOtiOn

D. Robin

The motion of each charged particle is determined by the
electric and magnetic forces that it encounters as it orbits
the ring:

 Lorentz Force

F = ma = e(E + v x B),
m is the relativistic mass of the particle,
e is the charge of the particle,
v is the velocity of the particle,
a is the acceleration of the particle,
E is the electric field and,
B is the magnetic field.
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Single Particle Dynamics TWO PrOblemS

Matrix Representation

D. Robin (Inverse Problems)

1. Given an existing lattice, determine the
properties of the beam.

2. For a desired set of beam properties,
determine the design of the lattice.

The first problem is in principle straight-forward
to solve.

The second problem is not straight-forward — a
bit of an art.
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Single Particle Dynamics Mag netS tO G U ide

Matrix Representation

D. Robin and Focus the Beam
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Single Particle Dynamics

Matrix Representation M ag N et Defi n iti ons

D. Robin

« 2n-pole:

dipole  quadrupole sextupole octupole ...
S N

n: 1 2 3 4

 Normal: gap appears at the horizontal plane
« Skew: rotate around beam axis by n/2n angle

« Symmetry: rotating around beam axis by n/n angle, the field
IS reversed (polarity flipped)

Fundamental Accelerator Theory, Simulations and Measurement Lab — Arizona State University, Phoenix January 16-27, 2006



Single Particle Dynamics

Matrix Representation Typ i (0<% | I M ag n et Types

D. Robin

There are several magnet types that are
used in storage rings:

Dipoles = used for guiding
B, =0
B,=B,
Quadrupoles - used for focussing
B, =Ky
B, = Kx
Sextupoles - used for chromatic
correction
B, = 2Sxy
B, = S(x? - y?)
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Single Particle Dynamics F u n Cti Ons Of the

Matrix Representation

D. Robir Magnetic Elements

L BN

Dipoles

Sextupoles ]

10

Fundamental Accelerator Theory, Simulations and Measurement Lab — Arizona State University, Phoenix January 16-27, 2006



Single Particle Dynamics

Matrix Representation Dependent Va riable

D. Robin

In the Lorentz Force Equation as written below, the
dependent variable is time, t

e Lorentz Force

F = ma = e(E + v x B),
m is the relativistic mass of the particle,
e is the charge of the particle,
v is the velocity of the particle,
a is the acceleration of the particle,
E is the electric field and,
B is the magnetic field.

11
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Single Particle Dynamics

Matrix Representation D i po I es

D. Robin

Consider a storage ring for
particles with energy E
with N dipoles of length /

 The bending angle is

0 _ 27
- N
 The bending radius is
o
=%
e The integrated dipole strength will be Bl = 2r BE

o By fixing the dipole field, the dipole length is imposed and vice versa
e The highest the field, shorter or smaller number of dipoles can be used

e Ring circumference (cost) is influenced by the field choice 12
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Single Particle Dynamics

Matrix Representation Focus i ng E Iements

D. Robin

« Magnetic element that deflects the beam by an angle proportional to the
distance from its centre (equivalent to ray optics) provides focusing.

« For a focal length f the deflection angle o = _Y

A magnetic element with length | and with a gradient g has a B, = gy
so that the deflection angle is

l q q
a=—==—==B,l=—=—=gyl
. . focal point
m The normalised focusing strength  — wooeeeimeernnenen Lz :
RN/ [N — — gt
6E Y .< ...................... RLLLTEION :: ...... "“‘::
a In more practical unis, for Z=1 |_ { st
sasmssssssmsmsssamnnn ................--_‘-_".:'-:":_‘"“.:_" !;55::::-:.:,:.:::::.'.‘.' ....
B g[T/m] :::::: ::: ~.,-..::::.:....::_...-‘-.
km™2] = 0.2998 2L - i
BE[GEV]| ik

.*
.
-----------------------------

m The focal length becomes f~! =k |
and the deflection angleis o= —k y

13
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Single Particle Dynamics

Matrix Representation Qu ad u po I es

D. Robin

* Quadrupoles are focusing in one plane and

defocusing in the other =I=<]
. Thefieldis (B, By) = g(y, x) /\> <>
N
« The resulting force (FI, Fy) — k(yv —:L') @ - ' {, /

* Need to alternate focusing and defocusing in N R

order to control the beam, i.e. alternating A 1| \
gradient focusing ‘f V}’B S
« From optics we know that a combination of two =
lenses with focal lengths f1 and f2 separated by
adistanced 1 1 1 d

F TR R R

- Iff, = -f,, there is a net focusing effect, i.e.

f

VIDINRVADINYA
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Single Particle Dynamics

Matrix Representation C 00 rd i n ate SySte m

D. Robin

Change dependent variable from time, t, to longitudinal
position, s

Coordinate system used to describe the motion is
usually locally Cartesian or cylindrical

Typically the coordinate system chosen is the one that
allows the easiest field representation

15
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Single Particle Dynamics

Matrix Representation I nteg rate

D. Robin

Integrate through the elements

Use the following coordinates®

d. d A AL
X, x':_xa Js y':_y! 5:_p!z-:—
ds ds Po L

*Note sometimes one uses canonical momentum

rather than x’ and y’
16
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Single Particle Dynamics

matix Representaton — (G@Neral equations of motion I%

D. Robin EI A

» The equations of motion within an element is

o —(1—5)—@
p p P

"o qB;

ST TP

 The fields have to be defined

17
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Single Particle Dynamics Eq uations Of mOtiOn

Matrix Representation

D. Robin — Linear fields
The equations become

(oo L\ _ 1AP
’ (’“” p(s)ﬁ) o(5) P
y' +k(s)y = 0

Inhomogeneous equations with s-dependent coefficients

Note that the term 1/p? corresponds to the dipole weak
focusing

The term AP/(Pp) is present for off-momentum particles

18

Fundamental Accelerator Theory, Simulations and Measurement Lab — Arizona State University, Phoenix January 16-27, 2006



Single Particle Dynamics

Matrix Representation H i I I 2 S eq u ati O ns

D. Robin

Solutions are combination of the ones from the
homogeneous and inhomogeneous equations

« Consider particles with the design momentum.
The equations of motion become

"+ Ky(s)z = 0
| y" + Ky(s) y = 0 o, £
with 1 eorge Hi
Ka(s) = = (ko) = 253 ) Kole) = k()

« Hill’s equations of linear transverse particle motion

« Linear equations with s-dependent coefficients (harmonic oscillator
with time dependent frequency)

* Inaring orin transport line with symmetries, coefficients are
periodic K, (s) = K,(s+C), K,(s) =K,(s+C)

* Not feasible to get analytical solutions for all accelerator 19
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D. Robin

Single Particle Dynamics : _ ] ' Y'Y
wainx represenaton Harmonic oscillator — spring wag
LU A

Consider K(s) = k, = constant
’lL” + ko u=>0

Equations of harmonic oscillator
with solution

} v u(s) = C(s)u(0) + S(s) ' (0)
Cofe W(s) = C'(s)u(0)+ S (s)u(0)
with

1
C(s) = cos(\kos) , S(s):\/}?sin(«,/kgs) for ko >0
0
1

V1ol

m Note that the solution can be written in matrix form

(;ﬂ(;))) B (g’((?) g,((i))) (iﬂ%%) 20

sinh(/|ko|s) fork, <0
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Single Particle Dynamics

Matrix Representation M atri X fo rma I i S

D. Robin
« General transfer matrix from s, to s

(), =Mt () = (G sty ().

» Note that det(M(s|sg)) = C(s]s0)S (s|so) — S(s|sg)C'(s]|sp) =1
which is always true for conservative systems

1 0
« Note also that M(S(}lSU): 0 1 =7

« The accelerator can be build by a series of matrix multiplications

M(snls0) = M(sn|sn—1) ... M(s3|s2) - M(sz|s1) - M(s1|s0)

-~

S, S, S, S, S o from So to S}

Y
S S
0 n from s, to s,
— _
from s, to s

N— e

21

from s, tos,
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Single Particle Dynamics

Matrix Representation Sym m etri C I i nes

D. Robin

« System with normal symmetry

S
; >
~~ Y "~ Y —~
M = (a b) M = (a b)
c d c
~— ——~—
_oAfoaf— aq2 _ [ Fbe a+ d)
Migg =M-M=M _(c(a+d d‘—l—bc)
« System with mirror symmetry
S
>
U -~ A G ~ 7
v (a\b) . (d, b)
c d c a
— _
d+b 2bd
a c
Mot = My - M = ( 2a¢c  ad+ cb) 22
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Single Particle Dynamics

Matrix Representation 4x4 M atri ces

D. Robin

« Combine the matrices for each plane
z(s)\ [(Cz(s) Sz(s)\ (o
z'(s))  \Ci(s) 5i(s)) \xo

(/) - (&0 52 ()
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D. Robin

Single Particle Dynamics _ _ ' TYY
Mgtrix Represe)rlmtation Transfer matrlx Of a dl'lft Isul‘h]

QrLy
- Consider a drift (no magnetic elements) of length L=s-s,

W) =0 ) ) o )

u(s) = wp+ (s—s0)ug = ug + Luy

u'(s) = g

« Position changes if there is a slope. Slope remains unchanged

24
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Single Particle Dynami

vetrx Represeniaton OCUSTNG - defocusing thin lens IS%

D. Robin

« Consider a lens with focal length +f

(E’((i))) N (:Fl} ?) (35) Miens(s(s0) = (;} ?)-

« Slope diminishes (focusing) or increases (defocusing). Position remains
unchanged A x’
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Single Particle Dynamics

Matrix Representation Q ua d 'u po I e

D. Robin

« Consider a quadrupole magnet of length L.
The field is

B, = —-G(s)zr, By =—-G(3)y
« with normalized quadrupole gradient (in m-2)

Lo &
Bop

The transport through a quadrupole is

u(s)\ _ [ cos(Vh(s —s0) e sin(vVE(s —50)) (uo
()~ ) ()

u'(s)) U
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Single Particle Dynamics

Matrix Representation SeCtO r D i po I e

D. Robin
« Consider a dipole of length L. By setting in the focusing quadrupole matrix
1
the transfer matrix for a sector dipole becomes
cosf  psinb

M sector — 1

—5 sinf@ cost

with a bending radius g — arc length

1
 In the non-deflecting plane ; — 0
1 L p
Msector — 0 1 — Mdrif

« This is a hard-edge model. In fact, there is some edge focusing in the
vertical plane 27

L
p
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Single Particle Dynamics

Matrix Representation Re Cta n g U Ia I D i po I e

D. Robin

« Consider a rectangular dipole of length L. At each edge, the deflecting
angle is AL  Otans 1 tano

0 = s

p p / p

It acts as a thin defocusing lens with focal length

« The transfer matrix is with 1 0
Mruc — Mﬂ( o Mﬁec or ' Mﬂ( re edge —
. For 8<<1, 5=6/2. = Medge " Masctor = Medg Meds ( )

« |In deflecting plane (like drift) in non-deflecting plane (like sector)

1 psinf cos 6 sin 6
Mfﬂ;re“ — (0 1 ) My;rect — ( 1 g )
28

-5 sinf cos@

tan(d)
P 1
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Matrix Representation

Single Particle Dynamics Quad I'U p0|e DOU blet Isr‘;s

D. Robin and AG Focusing QU L
______ « Consider a quadrupole doublet,
x [ | ST i.e. two quadrupoles with focal
i—  |engths f, and f, separated by a
V ’ \ distance L.
—— * |n thin lens approximation the
L transport matrix is
1 0\ /1 L 1 0 -L L
Maaoublet = (_L 1) (0 1) (_L 1) = ( _Lfl 1 — L)
f2 fi f* f2
ith the total focal | th ! | i | L
Wi € 1otal 1oCal ieng — = | —
f* h 2 hfe
_ 1 L
° Settlngf1=-f2=f F:?

« Alternating gradient focusing seems overall focusing

« This is only valid in thin lens approximation!!! 29
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Single Particle Dynamics

Matrix Representation F O D 0 C e I I

D. Robin

(\ \ / /\ « Consider a defocusing quadrupole

“sandwiched” by two focusing
quadrupoles with focal lengths f.

! \ « The symmetric transfer matrix from
V V center to center of focusing quads
L L Mrpopo = Muqr - Maritt - Mqp - Maritt - Muqr

with the transfer matrices

1 0 1 L 1 O
MHQF — ( 1 ) y Mdrift — ( ) 9 MQD — (1 )
~57 1 0 1 7 1

 The total transfer matrix is

L. 2L(1+ L)

Mropo = | . . %7, 3T
572 (1 — 57) — 377 0
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Single Particle Dynamics

D. Robin

matix Representation — [Vl@agnetic Multipole Expansion Iq"s

El
« From Gauss law of magnetostatics, we construct a vector potential
V-B=0 — JdJA: B=VXxXxA

« Assuming a 2D field in x and y, the vector potential has only one
component A

« The Ampere’s law in vacuum (inside the beam pipe)
VxB=0 — dV: B=-VV

« Using the previous equations one finds the conditions which are

Riemann conditions of an analytic function. Y,
oV 0Ag oV 0A iron
Bm _ ——_— = - ) By _ —_—m——= — 5
ox Oy 0y ox

m There exist a complex potential of z = x+iy with a

power series expansion convergent in a circle with radius
z| = r, (distance from iron yoke)

=0 =0

.«4(&3 + Ey) — A&(CH, y) -+ EV(&?, y) — Z ﬁ:”zn _ Z(’\ﬂ- + iﬂn)(&? n iy}q-t

n=1 n=1

31
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Single Particle Dynamics : _ ] F TYY
Mgtrix Represe)rlltation Mag netlc M u Itl pOIe ExpanSIon Isurs

D. Robin e

 From the complex potential we can derive the fields

. Y . - . . \n—1
By +iB; = —5-(As(z,y) +iV(2,y)) = - ; n(An +ipn) (T + iy)
» Setting v, = —n\,, a,=nu, Wehave
o0

B, +iB,; = 2:(6%n —day)(z 4+ iy)" !

» Define normalized unitsb], = —

n—1

10-1B, ©

y Up =

on a reference radius, 104 of the main field to get

OO .
: —4 / T T
B, +iB, = 107" By Z(bn —1a, ) ( . )"
n=1 0
 Note: n’=n-1 the American convention 32
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Historical Overview,

Examples & Applications
D. Robin

Wish to thank Y. Papaphilippou and N.Catalan-Lasheras
for sharing the tranparencies that they used in the
USPAS, Cornell University, Ilthaca, NY 20th June - 1st
July 2005
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Single Particle Dynamics

Matrix Representation L3 POSS i b I e H O m eWO I’k

D. Robin

* Derive the thin matrix representation for a focusing quadrupole starting from the
“thick” element matrix. Hint: calculate the limit for the matrix when the quadrupole
length approaches zero while the integrated magnetic field is kept constant.

» Suppose that a particle traverses, first, a thin focusing lens with a focal length
F; second, a drift of length L; third, a thin defocusing lens with focal length F;
and, fourth, another drift of length L. Calculate the matrix for this cell.

» Consider a system made up of two thin lenses each of focal length F, one
focusing and one defocusing, separated by a distance L. Show that the system
is focusing if |F|>L.
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